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Abstract

In systems of stiff Ordinary Differential Equations (ODEs) both fast and slow time scales are encountered. The fast
time scales are responsible for the development of low-dimensional manifolds on which the solution moves according to
the slow time scales. In this paper, methodologies for constructing highly accurate (i) expressions describing the man-
ifold, and (ii) simplified non-stiff equations governing the slow evolution of the solution on the manifold are developed,
according to an iterative procedure proposed in the Computational Singular Perturbation (CSP) method. It is shown
that the increasing accuracy achieved with each iteration is directly related to the time rates of change of the CSP vec-
tors spanning the manifold along the solution trajectory. Here, an algorithm is presented which implements these cal-
culations and is validated on the basis of two simple examples.
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1. Introduction

In spite of the rapid and significant increase in computing power of current processors and parallel com-
putational architectures, the numerical solution of multi-scale problems (chemical kinetics, biological mod-
eling, atmospheric prediction, control, electronics, etc.) remains a daunting task, mostly because the time
scales of interest are usually much slower than the fastest time scales characterizing this class of systems.
The mathematical models which attempt at reproducing this phenomenology, are usually classified as being
“stiff”.

Stiffness can indeed be associated with a spread in the magnitude of (i) the real, negative part of the
eigenvalues of the system, and/or (ii) their imaginary part; the first category being associated with the pres-
ence of dissipative processes, such as viscous dissipation and/or chemical reactions, and the latter to non-
linear convective transport or nonlinear oscillatory behavior. In this work, we will consider stiff systems of
dissipative nature only, that is systems characterized by a number of eigenvalues with a dominant negative
real part, or more in general by characteristic time scales providing a fast exponential relaxation of the pro-
cesses associated with these fast time scales.

Stability requires explicit schemes of integration to advance the numerical solution of a stiff problem
with time steps of the order of the fastest scale, whereas the time scale of interest can be several orders
of magnitude slower. This makes the numerical integration exceedingly inefficient. A standard approach
to circumvent the stability constraint is to adopt implicit schemes of integration, among which the family
of BDF schemes due to Gear [1] remains the most widely adopted. These schemes have been incorporated
in very successful software libraries (LSODE, DVODE, etc. [2-4]).

The occurrence of time scales much faster than the one of interest is what makes stiff problems difficult to
solve. On the other hand, it also paves an alternate route to the adoption of implicit schemes, in order to
circumvent the stability constraints of explicit schemes. In fact, given an N-dimensional problem, where N
might be the number of species in a chemical mechanism, the role of the fast scales in the dynamics of a stiff
problem is to constrain the point dynamics within a hypersurface with a dimension lower than N, thus effec-
tively reducing the number of degrees of freedom left available. Therefore, the solution of the stiff problem
can be sought by constructing a reduced model, approximating the original one, such that it describes just
the point dynamics restricted within this low-dimensional hypersurface. The reduced model will be of lower
dimension and free from the fast scales, as compared to the original one. Ultimately, the construction of the
reduced model requires an accurate identification of the low-dimensional hypersurface.

In chemical kinetics, the use of the Steady-State Approximation (SSA) [5,6] was one of the first attempts
to follow this concept. SSA has been accepted widely, even though its theoretical foundations, domain of
applicability, and ease of use, have been questioned since its inception [7-9].

The theoretical foundations supporting SSA have been reconsidered in Fraser [10], who adopted a geo-
metrical framework to discuss the different approximations of the dynamics of stiff systems. Fraser pointed
out that the reduced model as identified by SSA must be described as consisting of (i) a lower-dimensional
hypersurface S in the phase space of the system, and (ii) a set of non-stiff ODEs describing the evolution of
the non-steady-state species which is constrained to occur in S. The hypersurface S is identified by the set of
algebraic equations obtained by enforcing that, for some selected (“‘steady-state”) species, the RHS of the
original set of ODEs be identically zero.

The SSA had three major flaws, namely (i) it is difficult to identify the correct set of steady-state (SS)
species, (ii) the trajectory flow — defined as the set of all possible trajectories satisfying the stiff ODEs —
of the system is not attracted by the hypersurface defined by SSA, but by a different low-dimensional hyper-
surface, and (iii) the SS species and the related hypersurface might be time dependent.

Fraser showed that, for the class of stiff (dissipative) systems, the trajectory flow undergoes a strong con-
traction, that is trajectories tend to approach one another as time increases, onto a low-dimensional
(smooth) hypersurface in the N-dimensional phase space, which lies close to the SSA surface (a reason
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justifying the partial success of SSA) and yet different from it. The hypersurface asymptotically attracting
all trajectories is usually referred to as the Slow Invariant Manifold (SIM) of the stiff system.

A rigorous mathematical definition of a SIM can be found in [11] for the class of singularly perturbed
dynamical systems. The Fenichel theory establishes the existence of a SIM for problems involving a wide
temporal gap between slow and fast dynamics. This SIM is characterized by being both (i) an invariant of
the dynamics and (ii) exponentially attractive for the trajectory flow.

The complexity of the problems of interest today motivated research on the development of algorithms
for the computational identification of SIMs. From these activities, two broad classes of approaches
emerged, one aimed at identifying the locus of the points in the phase space belonging to the SIM, the other
attempting at identifying both the SIM hypersurface and the main geometrical properties of the SIM, i.c. its
invariant subspaces and the characteristic time scales associated with them.

The method due to Fraser [10] belongs to the first class of approaches, with further developments by
Roussel and Fraser [12]. It involves an iterative scheme to find the SIM as the fixed point, in the function
space, of a contraction mapping of the invariance equation associated with the dynamical system. The pro-
cedure is explicit if the system is linear in the fast variable(s), and implicit otherwise; thus involving the solu-
tion of a nonlinear set of equations to find the SIM geometry numerically. Under proper conditions, this
method yields, term by term, the correct asymptotic expansion of the SIM [13].

The procedure proposed in [12], besides requiring the definition of the proper parametrization of the
SIM, does not always converge for an infinite number of iterations, and might indeed diverge when the cur-
vature of the manifold is too high [12].

In this regard, Davis and Skodje [14] proposed a faster-converging variant of the Roussel-Fraser algo-
rithm that involved the addition of a pseudo-time derivative to the functional equation. A different ap-
proach to stabilize Fraser’s iterations was pointed out by Roussel [15], who suggested the modification
of the functional equation according to a mapping which circumvents the convergence failures while leaving
the fixed point unaltered. Nafe and Maas [16] proposed an extension of the relaxation procedure introduced
by Davis and Skodje [14], which involves the solution of a set of (pseudo) time dependent nonlinear PDEs,
defined in the phase space of the m parameters. This procedure, starting from a proper initial guess — say the
m-dimensional Intrinsic Low-Dimensional Manifold (ILDM), finds the correct SIM at large times.

The Computational Singular Perturbation (CSP) method, co-developed by Lam and Goussis [17-22],
belongs to the second class of approaches. Given an N-dimensional problem, CSP provides a geometrical
description of the SIM, by identifying the set of “fast’ basis vectors, 4,, and the corresponding set of dual
vectors, B’, spanning the M-dimensional “fast” subspace (with M < N), which is locally orthogonal to the
(N — M)-dimensional SIM.

The essential part of the CSP method involves an iterative procedure, specifically designed to identify the
basis vectors that span the two subdomains, where the fast and slow time scales act, respectively; the latter
subdomain being identical to the SIM. The process starts with an arbitrary initial guess for the “fast’ basis
vectors A,, that eventually will span the fast subdomain, and their dual B". After each iteration, better
approximations of the “fast”, and its complementary ““slow”, subspaces are obtained. There exist two types
of iterations which are independent of each other: the 4,- and B’-refinement procedures. The B"-refinement
increases the accuracy in the description of the SIM, by better approximating the “fast” subspace, while,
the A,-refinement makes the simplified problem non-stiff by better approximating the ‘“slow’ subspace.
Seen from a different point of view, the B'-refinement decreases the influence of the slow time scales on
the computed approximation of the “fast” subspace, while each A,-refinement decreases the influence of
the fast time scales on the computed approximation of the “slow’” subspace.

At each iteration, the improvement in the approximation of the 4, and B” basis vectors is achieved by
taking into account the geometrical characteristics of the manifold (such as local curvature and higher or-
der terms). The accuracy improves at each iteration by a factor of the order of ¢, the small parameter in the
singular perturbation expansion of the CSP method.
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The successive approximations of the basis vectors, obtained after each CSP iteration, converge (i) to the
local eigenvectors of the Jacobian matrix of the dynamical system if the contribution of the higher order
terms, quantified in the refinement formulae by the time rates of change of the basis vectors, is neglected,
yielding a leading order approximation of the SIM, or (ii) to the correct asymptotic representation of the
SIM, in powers of ¢, if this contribution is accounted for [23].

As “fast” basis vectors, the ILDM method of Maas and Pope [24-26] selects the right and left eigenvec-
tors of the local Jacobian of the problem flow associated with the negative eigenvalues with the largest
absolute value of the real part.! This choice of basis vectors makes ILDM exact only for linear problems,
and for nonlinear problems in the limit of a vanishingly small time scale separation & [13,23]. According to
the ILDM method, the SIM is generated and stored as a look-up table, and this requires the prescription of
the SIM’s dimension a priori as a constant throughout the phase space.

As previously noted, CSP provides high-order accuracy for a nonlinear problem by following a rather
straightforward procedure, the CSP refinements, which involve the time rates of change of the CSP vectors.
Whereas the CSP refinements have been introduced long ago [18,20], no specific analysis has been carried
out yet on how to evaluate the time rates of change of the CSP vectors. Moreover, although the CSP meth-
od has been adopted in several investigations (e.g. [27-31]), the higher order effects have never been exam-
ined due to the lack of a reliable method for computing the time rates of change of the CSP vectors. As a
matter of fact, their calculation is straightforward when the analytic expressions of the basis vectors can be
obtained, for example with the help of a symbolic manipulator. This is, for example, the case in the Davis
and Skodje model [14] analyzed by Zagaris et al. in [23] to study the asymptotic properties of the CSP
method. When the analytic expressions of the basis vectors cannot be obtained, then one could envisage
computing the time rates of change of the CSP vectors by finite differences evaluated along a trajectory
path. However, eigenvalue crossings alter the ordering of the vectors and require an explicit tracking of
the time evolution of the vectors. Moreover, what really matters is the time rate of change of the fast
subspace, and not quite the rotation of the individual vectors.

In the present work, we provide explicit formulae for the calculation of the time rates of change of the
CSP vectors for a general nonlinear problem. These formulae show that the computation of the time rates
of change of the CSP vectors requires the calculation of the time rate of change of the Jacobian matrix of
the RHS of the original ODEs (dJ/dr, d>J/d7, .. .). They also show that these terms depend on the state of
the system only, being local measures of the geometrical characteristics of the manifold (such as local cur-
vature and higher order terms), as they involve the terms dJ/0y’, 9°J/dy"dy/, . ..

As a consequence, the time rates of change of the CSP vectors also depend exclusively on the local state
variables, as well as the local Jacobian matrix and the SIM dimension. Hence, all SIMs properties can be
stored in look-up tables, generated by tabulation methods like PRISM [32] or ISAT [33], possibly in con-
junction with the development of efficient explicit schemes of integration of stiff problems based upon a
time-scale splitting [30,34].

We will verify, with reference to two model problems, the validity of the formulae for the calculation of the
time rates of change of the CSP vectors. The first model problem is a planar ODE with an explicit, constant,
small parameter and prescribed slow and fast variables. It has been proposed and discussed by Davis and Sko-
dje [14], and reconsidered by Kaper and Kaper in [13]. Among other features, the Davis and Skodje model
possesses an exact representation of the manifold, a circumstance enabling us to obtain unambiguous error
estimates. For this model problem, the time rates of change of the CSP vectors can be obtained in closed form.

The second model problem describes the kinetics of a 3-species model chemical system, which mimicks
more realistic chemical mechanisms, possibly involving many tens of species and hundreds of reactions,

! The basis vectors in the first versions of ILDM were obtained by a Schur decomposition of the Jacobian, which in most cases is
equivalent to the choice of the right/left eigenvectors of the Jacobian as the bases in the tangent/cotangent spaces.
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characterized by having a non-constant, non-explicitly defined small parameter and non-prescribed slow
and fast variables. Moreover, the CSP vectors and their time rates of change are sufficiently simple that they
can still be evaluated algebraically, but complicated enough so as to allow a non-trivial validation of the
procedures for the CSP refinements.

The manuscript is organized as follows. First, a brief outline of the basic CSP concepts will be presented
in Section 2, as it is relevant to the present analysis; a more detailed presentation of the CSP method can be
found in [18-21] for the case of ODEs and in [19,35,31] for the case of PDEs. The specific details of the
implementation of the CSP refinements when the time rates of change of the CSP vectors are retained
are illustrated in Sections 3 and 4. Finally, the results of the method as applied to the two model problems
are reported and discussed in Sections 5 and 6 to explain the different features of the method and the means
by which high accuracy results are obtained.

2. Basic CSP concepts

We consider the evolution of a physical process governed by a system of N ordinary differential equa-
tions of the form:

d

d% =20, (1)
where y is the N-dimensional vector of the dependent variables and g is an algebraic function of y. It is
assumed that Eq. (1) is stiff; i.e. some of the fastest time scales in the problem are much faster than the time
scales of interest.

Following the CSP method, at each point in the phase space, the vector g can be decomposed in two
components by projecting it onto the M-dimensional fast and the (N — M)-dimensional slow subspaces
(i.e., the subspaces where the fast and slow time scales act, respectively) spanned by the CSP vectors a;
(i=1, M)and a; j = M + 1, N), which can be collected in the N x M and N x (N — M)-dimensional matri-
ces A,(k, m) and Ak, m) defined as follows:

A, (k,m) = [ay(k,m), ... ay(k,m)],

Ay(kym) = [ay1 (kym), . .., ay(k,m)], (2)

where k and m denote the levels of two kinds of refinement, to be discussed next. Each basis vector a; (or
mode) is associated with a time scale acting along the corresponding direction. The modes are ordered
according to their speed; the first mode associated with the fastest scale and the last with the slowest.

Let a second set of CSP basis vectors defined by &' (i = 1, M) and ¥ (j = M + 1, N), which are collected in
the M x N and (N — M) x N-dimensional matrices B'(k, m) and B’(k, m):

b (k, m) b (k, m)
b (k,m b2 (k,m

B (k,m) = (: ) . B(k,m) = ( ) . (3)
b (k, m) b (k,m)

The b’ vectors are the duals of the a; vectors. Thus, due to orthogonality, the four matrices satisfy the
relations:

B’ (k,m)A,(k,m) = I}!, B’ (k,m)A,(k,m) = 0N,

4
B (k,m)A,(k,m) = 0N M B (k,m)A,(k,m) = I M “)
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and
A (k,m)B’ (k,m) + Ay(k,m)B’ (k,m) = I}, ®)

where 7} is the v-dimensional unit matrix and 0 is the u X v zero matrix.
Projecting the RHS of Eq. (1) onto the fast and slow subspaces yields

% = A, (k, m)f" (k, m) + A, m)f* (k, m), (6)
where the M and (N — M)-dimensional vectors f'(k, m) and f'(k, m) are defined as
S (k,m) S (kym)
S (k,m) ‘ S (ke m)
flemy =" =T, ™
S (k,m) A
and where each mode amplitude £ is defined as
f'(k,m) = b'(k,m) - g. (8)

Where, in the phase space, the amplitudes of the M fastest modes attain negligible magnitude, i.e. the fol-
lowing algebraic equations hold:

fr<k7m) = Br(k7m)g ~ 0]1\/17 (9)

then Eq. (9) describe the SIM’s shape which has dimension (N — M). There, the corresponding M fast scales
have no role anymore in the point dynamics and the locally characteristic time scale is a slow one. This
means that the point dynamics cannot move along a trajectory with a component in the “fast” directions
a; (i = 1, M), being thus restricted to move only along the “slow” ones a; (j = M + 1, N); i.e. along the SIM,
according to the equations:

dy

dr "-’Av(k5m)fv(k7m) = [I —A,(k,m)Br(k,m)]g, (10)

where the orthonormality condition, Eq. (5), has been employed in the derivation of the second equal-
ity. This simplified system is not stiff, since the modes associated with the M fastest time scales are
ignored.

As Egs. (9) and (10) show, for the construction of both the equation describing the manifold and the
simplified problem, it is sufficient to have available the fast basis vectors 4, and B" only.

As mentioned previously, there are two kinds of CSP refinements. One kind alters B" and A, (defined as
the B'-refinement), leaving B® and A, unaffected, and is related to the accuracy in the description of the
manifold [18,20]. The other kind alters 4, and B’ (defined as the A,-refinement), leaving B" and A, unaf-
fected, and is related to the non-stiffness of the simplified problem [18,20]. Any number of B'- (or A4,-)
refinements can be carried out, independently of the A,- (or B’-) refinements. These two kinds of refine-
ments are performed through the relations:

) dB"(ky,
Br(k]+1,m1):T:,(kl,m])(%-FBVUC],W!])J), (11)
Ar(kl + laml) :Ar(klaml)a (12)
B(ki + 1,m) = B*(ky,m), (13)
As(ky + 1,my) = [I — A (ky + 1,my)B" (ky + 1,my)] A (ky,my), (14)
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where
_ dB" (ky, -
Ttk m) = 4, m)] " = | (F e ms )| (15)
and
dA,(k-,
b 1) = |~ S ) 1), (16)
Br(kz,nh + 1) =B (kz,mz), (17)
B‘v(kz,?}’lg + 1) = Y(kz,l’}’lz) 1 —A,(kz,mz + I)Br(kz,le —|— 1)], (18)
A(kaymy + 1) = Ag(ky,my), (19)
where
_ dB’ (k», . -
T:(k27m2) = I:A:(k27m2):| ! = [(%—FB; (k27m2)J>Ar<k27m2)} ) (20)

and k; and m; denote the number of B'- and A,-refinements, respectively, already performed. The subscript
i was introduced here in order to indicate that any number of 4,- or B'-refinements can precede one addi-
tional B'- or A4,-refinement; the matrix 77 being updated accordingly. Of course, both kinds of refinement
(11)—(15) and (16)—(20) preserve the orthonormality of the CSP vectors, Egs. (4) and (5). As mentioned in
the introduction, the B'- and A,-refinements, respectively, decrease the influence of the slow and fast time
scales on the computed approximation of the “fast” and “slow’ subspaces at the (k, m)-th level. As a re-
sult, the contamination of the amplitudes in /" and f*, respectively, by the slow and fast time scales will
decrease. This development will allow the fast time scales to drive f” to even smaller values and will rein-
force the control of the slow time on the evolution of f*, making the simplified problem, as stated by Egs.
(9) and (10), more accurate and non-stiff. Details on these effects of the A,- or B -refinements are discussed
in Appendix A.

If the time derivative terms in Egs. (11), (15), (16) and (20) are ignored, the iterative formulae of the
block power method for the approximation of the left (Eqs. (11)—(14)) and right (Egs. (16)—(19)) eigenvec-
tors of a matrix are recovered [36-38]. In particular, without the time derivative terms, a set of M arbitrary
vectors (column or row) will improve the approximation of the subspace spanned by the M eigenvectors
(right or left) corresponding to the M largest eigenvalues of J (in magnitude), by a factor of
& = |A(M + 1)/A(M))| after each (A,- or B'-) refinement, where /(i) is the eigenvalue with the i-th largest mag-
nitude and ¢ < 1. The smaller the values of ¢, the higher the rate of convergence.

The appearance of the time derivative terms in Eqgs. (11)—(15) and (16)—(19) is associated with the ability
of the CSP vectors to capture the nonlinear effects, by following the rotation in time of the basis vectors
spanning the fast and slow subspaces. In principle, one can carry out any number of B'- and/or A,-refine-
ments. However, for practical situations, computing the time derivatives in Egs. (11), (15), (16) and (20) is
not a straightforward procedure. Their direct numerical computation along a solution trajectory is ex-
cluded, since such an approach cannot handle the case where corresponding eigenvalues cross each other
and the ordering of the CSP vectors changes in time. Yet, the time derivatives can be evaluated:

(i) when the analytic expressions of the basis vectors can be obtained, for example with the help of a sym-
bolic manipulator; in this case the time derivatives of a and b can be directly evaluated as

daj Gaj g

(1)

llN
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dy o .

— = —g 22

1 ;V o (22)
for any number of refinements, since the partial derivatives 6aj/6yi and 0b//0y" can be computed
analytically.

(i1)) when the analytic expressions of the basis vectors cannot be obtained, typically when the number of
unknowns is larger than 3-4, then the time derivatives can be evaluated for a limited number of refine-
ments as discussed in the following two sections.

3. Implementation of CSP refinements

The implementation of the CSP vector procedure, discussed here, can be defined as composed of two
phases: (1) a first refinement, wherein the time derivatives of the basis vectors are neglected, yielding leading
order accuracy and (2) a second refinement, wherein the time derivatives are included, providing higher or-
der accuracy.

Phase (1) is identical to one block-power refinement and, if carried out many times, the M fast and
N — M slow basis vectors will span the two subspaces, the M fast and N — M slow eigenvectors of J,
respectively. Considering a nonlinear source term in Eq. (1), additional (more than one) refinements
can easily be performed, but are ineffective in improving the leading order accuracy. On the other hand,
Phase (2) can practically be carried out just once, providing second order accuracy. This limitation is due
to the increasing cost of obtaining higher order time derivatives of the basis vectors needed in further
refinements.

Each of the two phases is composed of two steps which, as previously said, are referred to as B'-refine-
ment (step 1, identified by index k) and A4,-refinement (step 2, identified by index m), respectively. Formulae
for the evaluation of B'(k, m) and A4k, m) for k=1,2 and m =1, 2 are presented below together with
expressions for the necessary basis vector time derivatives.

3.1. Phase (1)

Consider the case where the first guess for the refinement procedure of the CSP basis vectors B'(0, 0) and
A,(0, 0) is a set of arbitrary vectors with
dB’(0, 0) d4,(0, 0)

o =0 o =0 (23)

3.1.1. Step 1: the B -refinement
Under the assumptions (23), the B'-refinement yields

2:(0,0) = B’(0,0)J4,(0,0),
7(0,0) = (#(0,0)) ",

B'(1,0) = 7/(0,0)8'(0,0)J,

4,(1,0) = 4,(0,0),

B'(1,0) = B(0,0),

A,(1,0) = [I — 4,(1,0)B'(1,0)]4,(0,0) = [I — 4,(0,0)B"(1,0)]4,(0,0)



762 M. Valorani et al. | Journal of Computational Physics 209 (2005) 754-786

The end effect of step 1 is to lower the norm of the upper-right off-diagonal block:
2(1,0) = B'(1,0)J4,(1,0) = O(&,(0,0))

by an order ¢ = |t3/7 41| < 1 (Where 1,7 and 7,4 are defined in Appendix A, Eq. (A.23)), thereby making
the fast modes “purer” by decoupling them from the slow modes, while the lower left off-diagonal block is
left unchanged:

J3(1,0) = B(0,0)J4,(0,0) = (0, 0).

3.1.2. Step 2: the A,-refinement
The A,-refinement yields

21(1,0) = B'(1,0)J4,(0,0),
7(1,0) = (4(1,0)) ",

4,(1,1) =J4,(0,0)7.(1,0),
B'(1,1) = B'(1,0),
A,(1,1) = 4,(1,0),
B(1,1) =B*(1,0)[ — 4,(1,1)B"(1,1)] = B*(0,0)[ — 4,(1,1)B(1,0)].
The end effect of step 2 is to lower the norm of the lower left off-diagonal block:
dB’(1,1
s = [EU g0y a0, = 0620,0) = 062(0.0)

by an order ¢ = |t3/73s+1| < 1, thereby making the slow modes “purer” by decoupling them from the fast
modes, while the upper right off-diagonal block is left unchanged:
dB’(1,1) dB’(1,0)

ﬂLU:Pﬁf—+yuu4mmwzL—a—+y@mJaum=gQMZOme»

As already pointed out, the refinement in Phase (1) is identical to one Mises Power method [38] for finding
eigenvalues and eigenvectors of J. It follows that if the eigenvectors of J are chosen as initial basis in Eq.
(23), Phase (1) is redundant.

3.2. Phase (2)

In the refinements of Phase (2) the basis vector time derivatives are calculated. As indicated above,
including these terms in the refinements accounts for the high-order effects of nonlinearities, resulting in
a better decoupling between fast and slow subspaces. The initial basis may be chosen as that resulting from
Phase (1) or as the eigenvectors of J (in which case Phase (1) is skipped).

3.2.1. Step 1: the B'-refinement
The B'-refinement yields

2(1,1) = (dBr((ii’l)JrB"(l, I)J)Ar(l, 1),

T (1,1) = (A(1,1)
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Br(z,1):f,(171){d3r§t )+B’(171)J] :ﬁ(1,1)[%+3"(1,0);1
4,2.1) = 4,(1,1),
B(2,1) = B(1,1),

A,2,1)=[T—A4,(2,1)B"(2,1)]4,(1,1) = [I — 4,(1,1)B"(2,1)]4,(1,0).
The effect of step 1 is to lower the norm of the upper-right off-diagonal block:
r dB’(Z, 1) ’ r r 29r
2(2,1) = T+B (2,1)J [45(2,1) = O(e2.(1,1)) = O(e2.(1,0)) = O(¢°2(0,0))
by an order ¢ = |t//7s4+1] < 1, thereby making the fast modes “purer” by decoupling them from the slow
modes, while the lower left off-diagonal block is left unchanged:

22,1) = {%4—3“(2,1)4&(2,1) = [%wmw A,(1,1)

= 22(1,1) = O(2(1,0)) = O(2(0,0)).

3.2.2. Step 2: the A,-refinement
The A,-refinement yields

i2,1) = (M +B(2, 1)J>A,.(2, 1),

dt
@1 = ()",
4,(2,2) = { (2 )+JA,(2,1)}1;(2,1) {d“”g’lﬁm,a,l) 7(2,1),
B'(2,2) = B'(2, 1)
4,(2,2) = 4,(2,1),
B'(2,2) = B2, )[I — 4,(2,2)B"(2,2)] = B*(1, )[I — 4,(2,2)B"(2,1)].

The effect of step 2 is to lower the norm of the lower-left off-diagonal block:
, B(2,2 . . ‘
2.2) = [ 8D B .2]4,2.2) = 0 (2.1) = 0(4(1,0) = 0((0.0)

by an order ¢ = |tp/Ta+1] < 1, thereby making the slow modes “purer” by decoupling them from the fast
modes, while the upper right off-diagonal block is left unchanged:

i(2,2) = {‘W((j’zﬁB’(z,z)J}AS(z,z) = [erc(i’l)+3r(2,1)J 4,(2,1)

— 7/(2,1) = O(eZ(1, 1)) = O(&2(1,0)) = O(21(0,0)).

4. Time rates of change of CSP vectors

To actually carry out the calculations involved in Phase (2) requires computing a number of time deriv-
atives of the CSP vectors. The derivation yielding the formulae to evaluate these terms is reported in
Appendix B. For convenience, the main results are summarized below:



764 M. Valorani et al. | Journal of Computational Physics 209 (2005) 754-786

dB'(1,1) dB’(1,0) A ;
= = 0.0)8(0,0) 1[I — 4,(0,0)8(1,0)], (24)
d4,(2,1)  d4.(1,1) ; dJ . dB’(1,0)
=g = = A DB(1L0)] 4,(0,0)7(1,0) — 4,(1,1) == A(L1), (25)
‘ij’l)11:(1,1)[‘13211’(”J+3r(1,0)g+‘”§$’())}[J—Ar(1,1)3r(z,1)]

—B(2,1) wﬁ(z, 1), (26)

where

B (1,0) _ {dfigz’ 0 B(0,0) o, 7(0,0)B7(0,0) dz—‘q I — 4,(0,0)B"(1,0)]

ds ds ds
. A dB’(1,0)
—1.(0,0)B7(0,0) 5 4,(0,0) O (27)

Since Eq. (27) involves the evaluation of the time rate of change of the Jacobian matrix dJ/d¢, and of
higher-order rates d>J/ds* as well, and given that Eqs. (24)-(26) involve dJ/ds, it follows that, in Phase
(2), the B'-refinement requires the availability of dJ/ds, while the A,-refinement requires the availability
of both dJ/d¢ and d>J/d¢*. These quantities can be evaluated from the expressions:

dJ oJ dy' oJ .

i = —l‘g’7 (28)
de Ky oy dt i;& oy

d*J { o AY S

Oy [ "
ds? i%];;m 0y 0y oy

which show that dJ/dr and d°J/d¢* depend on the state of the system only. They are local measures of the
geometrical characteristics of the manifold (such as local curvature and higher-order terms), since they in-
volve the terms dJ/0y’ and 9°J/0y'd)’. As a consequence, the time rates of change of the CSP vectors also
depend exclusively on the local state variables. Hence, tabulation methods, such as PRISM [32] or ISAT
[33], can also be used with the CSP refinement procedure to generate look-up tables, either on-line or
off-line, for SIMs of high-order accuracy found by means of the CSP refinements procedure.

5. The Davis—Skodje problem

The model problem analyzed in this section and the next was first proposed by Davis and Skodje in [14].
It allows us to demonstrate the ability of CSP iterations to return the correct asymptotic expansion of the
approximate SIM for a stiff system with an explicit, constant, small parameter and prescribed slow and fast
variables. This same goal has been pursued by Zagaris et al. in [23] with reference to the Michaelis and
Menten mechanism. Since this model is planar (N = 2), it is possible to evaluate the CSP vectors and their
time rates of change algebraically.

Consider then the following system of ODEs:

dy 1 z z

a_t_s( y+1+z) (142)% (30)
dz

&——2, (31)
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along the y-axis. It is reasonable then for the vector a;, along which the fast time scale acts, to have the
form:

a; =[1,0]". (36)

Indeed, as shown in Fig. 1, during the initial fast transient period, the fast time scale tends to move the
solution along a trajectory parallel to the y-axis towards the manifold, independent of the initial values
yo and zy. In addition, knowing the expression describing the manifold, Eq. (34), in order for the amplitude
/! to vanish as soon as the trajectory hits the manifold, the &' vector must be given by

b =[1,—(142)77 (37)

so that when the fast time scale has been exhausted, i.e. > ¢, the fast amplitude:

f bl’g(l)E (y+1iz) _(1+Zz)2 - ((le)z)[_z]%(wliz) B8

becomes exponentially small and the first mode in Eq. (35) can be neglected. Furthermore, differentiating
Eq. (34) shows that when the fast time scale has been exhausted and the solution moves slowly on the man-
ifold, we have

dy = ﬁdz (39)
suggesting that the vector a, has the form:

a=[(1+2)71]". (40)
Finally, since the amplitude /> is desired to vary at all times slowly, a reasonable choice for the vector b” is

b =10,1] (41)
so that

+ (D)[—z] = —=z. (42)

1 z z
B g=(0 _(_+ )_
The basis vectors Egs. (36) and (40), (37) and (41) are linearly independent and orthogonal. They further
provide
1
A}:—g, Ay =0, (43)
A =0, Al=-1, (44)

indicating that the fast and slow amplitudes, /' and 7%, are indeed fully decoupled from each other. In sum-
mary, the CSP form, Eq. (35), of the governing equations (30) and (31) is

4Gl

1
where, using the solutions (32) and (33),

1 :__1(y _ 20 )et/c
‘ e "0 14z ’ (46)

12 (45)
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It follows that, when the fast time scale becomes exhausted, i.e. > ¢, the amplitude /' becomes sufficiently
small and the governing equations simplify to

4] <

de | z -
accompanied by the algebraic relation ! ~ 0, which describes the manifold. Clearly, the simplified problem
Eq. (47) is non-stiff and its solution is given by

(1+2)7°

. (=2) (47)

zoe™!

) =———
(1) T~
t

Zs(t) = 2067 9

oyl
ef, s (48)

where

1 z 1 z
'1:_ _ Ik I 0 —1./¢
f* C( y*+1+2*> C( y0+1+20>e .

The symbol 7. denotes the time at which the solution starts to be computed from the simplified set of Eq.
(47) and y. and z, are the values of the variables y and z at ¢ = 7,. Regarding the fast variable y, the relative
error between the solution obtained from the full and the simplified problem for ¢ > 7, is given by the
expression:

R ) LR CA) (49)

demonstrating the accuracy achieved by the particular basis vectors used and the resulting simplified
problem.

The identification of optimal basis vectors allowing the construction of the exact SIM and of the related
simplified non-stiff problem cannot be performed so easily when the problem is more complex.? In that
case, the iterative procedure presented earlier must be employed. Let us now describe what this iterative
procedure provides for the simple problem examined here.

5.2. An arbitrary initial set of basis vectors

Suppose that the initial guess® for the basis vectors, i.e. (k, m) = (0, 0), is

-1
bl(oa 0) = [1,0], bz(ov O) = [17_1]

a,(0, 0) = m a(0, 0) = [ ’ ] (50)

so that

2 It can be shown however that the optimal basis vectors coincide with the eigenvectors of the linear propagator, also referred to as
monodromy, matrix of the dynamical system [39,40].

3 As initial basis, we could have chosen the identity matrix. However, for the Davis-Skodje problem, this choice provides directly
A% =0 after the first 4,-refinement. This would prevent us from demonstrating the effect on the A,-refinements under general
circumstances.
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1 z z
10,0 =—( — — 51
ro0 (i) - (51)
1 z z
2(0,0 :—(— )— , 52
£O0 = (4 ) gt (52)
and
1 1 1 1
A1(07 0) = _;'Pu A2(07 0) = _;FZ’ (53)
A%(0, 0) = —é?% 1, 430, 0) = —%FZ -1, (54)
where
1 1—-=z
F. = 35— & 3
(1+2) (1+2z)
and ¥ =1 - F..

Obviously, when the fast time scale becomes exhausted, the fast amplitude is not negligible, but
710, 0) = O(1). In addition, the reduced system

L))

is stiff and produces an O(1) error. These results are related to the fact that, as Eqs. (53) and (54) show, all
Al are O(e™ ).
J

5.3. The role of B'-refinements

Performing one B'-refinement, i.e. (k, m) = (1, 0), as illustrated in Section 2, where the time derivatives of
the basis vectors are evaluated analytically, Eqgs. (21) and (22), yields

a1(1,0)=avm, a2(1,0):_(qf)‘ﬁz],

b'(1,0) =[1,-F.), b*(1,0)=[1,—1], (56)
and

| _1 B z _sz(l —z)

f(1,0)£< y+1+z> T (57)

) nys z .z .

f(l,O)—8< y+1+2) (1+z)2+ ; (58)
and

A}(I,O):—%[l—g—?], A;(I,O):—FZ%QGZ, (59)

Af(l,O):l—%, A%(l,O):—%. (60)

Relative to the (k, m) = (0, 0) case, it is seen that by making one B'-refinement the accuracy in the
description of the manifold is improved by one order in ¢, since after the fast transient, i.e. for > ¢,
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711, 0) = O(e") while /1(0, 0) = O(s”). According to Eq. (59), this is a direct result of the change in mag-
nitude of A}, which goes from 43(0,0) = O(¢™') to A43(1,0) = O(&"). As expected, the value of A7 does
not change, 43(0,0) = A(1,0) = O(¢™"), leaving the coupling of the slow amplitude f? to the fast one 1’
unaltered. Furthermore, the values of 4] and A3 tend to their optimal values. As a result, the reduced
system

d[y O Fz:| 1 ( z > z

— ~ -7 |-+ - + 61

dr L] {1 e\ T 1+z) (+2 (61
is still stiff but now produces an O(e') error in the > ¢ period. Performing further B’-refinements, yields

the results collected in Table 1, i.e. the optimal CSP expressions are recovered for b', A}, A} and A3. In con-
trast, a;, b* and A% remain as guessed initially.

5.4. The role of A,-refinements

Returning to the initial guess for the basis vectors (50), one A"-refinement (k, m) = (0, 1), as illustrated in
Section 2, where the time derivatives of the basis vectors are evaluated analytically, Egs. (21) and (22),
yields

won=[ 1] won=[7]

1

b'(0,1) =[1,0], £*(0,1) = [—e¥ ' 1], (62)
and

1071—<—+Z> —, 63

ron =+ ) - (63)

1 z &z

20,1) =+ (—+ )— -z 64

FON =g | (v 133) “ | (64)
and

1 eF
A0,1)=——|1-=2], AN0,1)=-F
1(05 ) 8|: 'I/:|7 2(0, ) zy (65)
1 1+G. 1

A%(Oa 1) = w lI/z ) A;(Oa 1) = T (66)
where

GZ:(2—8)§_83Z(1—Z4)

(1+2) (1+2)

Table 1
The role of B’-refinements
(k, m) b Al A2 Al
(0,0) [1,0] —110(1/e) —1+ O(1/e) O(1/¢)
(1,0) [1,—@4—0(1)] —%-l—O(l) —-1+0(1) Oo(1)
(2,0 1= (le): +0(e)] —1+0(¢) —1+0() O(e)

(00,0) [~ i) - -1 0
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Relative to the (k, m) = (0, 0) case, it is seen that, by making one 4,-refinement, the accuracy in the descrip-
tion of the manifold is not improved, since 5'(0, 1) = 5'(0, 0) and, therefore, £'(0, 1) = £1(0, 0) = O(1) at
t> ¢ What changes is the magnitude of A? and A% which, from 42(0, 0) = O(¢™') and 43(0, 0) =
O(e™"), now become A7(0,1) = O(e") and 43(0,1) = —1 + O(&’) converging to their optimal values. Due
to these developments, the reduced system

- Z> (67)

sL1=0G[C5) -5

is now non-stiff but still produces an O(1) error. Performing further A,-refinements, yields the results col-
lected in Table 2, i.e. the optimal CSP expressions are recovered for a;, A},A% and A%. In contrast, b', a,
and A; remain as guessed initially.

5.5. Combining the action of A,- and B'-refinements

Starting with the initial guess for the basis vectors (50) and performing first one A,-refinement and then
one B'-refinement (k, m) = (1, 1), as illustrated in Section 2, where the time derivatives of the basis vectors
are evaluated analytically, yields

1 —yp F.
010~ gn] w00 = =] V] o
bl(l,l):[ﬁism][l,—ﬂ], P(1,1) =g —1], (69)
and
: Ny z \  z(1-2) 14
f(Ll)—L( y+1+z> 8(1+z)3 [1—(1+3)Fz]’ (70)
) “(_ z I . l
21,1 = ( y+1+z) (1+Z>2+ P M (71)
A}(I,I)Z—%—I—O(Sl), AN(1,1) = O(), (72)
A3(1,1) =0(%),  A3(1,1) = =1+ 0O(e"). (73)

It is seen that, in comparison to the (k, m) = (0, 0) case, the fast amplitude decays to a lower value when the
fast time scale becomes exhausted, i.e. > ¢, i.e. /'(1, 1) = O(¢") from £1(0, 0) = O(”), thus improving the
accuracy of the description of the manifold and the accuracy of the solution provided by the simplified
problem. It is easy to show that this is due to the fact that the magnitude of A} decreases by an order,
i.e. from A3(0, 0) = O(c™") to A3(1,1) = O(&°). Furthermore, the simplified system

Table 2

The role of A,-refinements

(k, m) a, Al A3 A3

0, 0) [1, 1" 7%+O(l/x) —1+0(1/¢) O(1/e)
0, 1) [1. O@)]" -1+0(1) —1+0(1) o(1)
0,2) [1, 0" -1+ 0() —1+0(e) O(e)

(0, ) [, 0" 1 L 0
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L[ ) ) o

is now non-stiff since the magnitude of A} decreases by an order; ie. from A(0, 0) = O(¢") to
A3(1,1) = O(°). Finally, the diagonal elements A} and A3 converge to their optimal values, i.e. from
A1(0, 0) = —e '+ 0" and A3(0,0)=-1+0(") to Al(1,1)=—&e'+0() and A3(1,1) =
-1+ 0(").

5.6. The eigenvectors as the initial set of basis vectors

Similar results, regarding the accuracy of the description of the manifold and the accuracy and non-stiff-
ness of the simplified problem, provided by one B" and one A, refinements, (k, m) = (1, 1), are also obtained
if the eigenvectors of the 2 x 2 Jacobian of the RHS in Egs. (30) and (31) are used as CSP vectors:

I .
a, = 0 ) a = 18 )

. (13)
1. 2= 2—10.1].
v =15 #-p
Such a choice yields
1 z € 277
1
= —| — _|_ _|_ ,
/ ;,( 7 1+z> I—2(1+2) (76)
£ =z
with
1 -G,
A}:)”(l):_g7 Aé:l*f)’ (77)
A7 =0, A3=i2)=—1. (78)

As with the (k, m) = (1, 1) case, it is seen that f' = O(¢) when the fast time scale becomes exhausted, i.c.
t>> e Again, such a decrease is allowed by the values A} = O(¢™!) and A} = O(¢"). Furthermore, the
values of A7 and A3 produce the reduced problem:

2L)-[F)

which is non-stiff and, since f' = O(¢), produces an O(¢) error.

5.7. Impact of time derivatives of CSP vectors on manifold accuracy

Let us examine in detail the effects of the time derivatives of the CSP vectors, involved in the B -refine-
ment, on the accuracy of the SIM. Let us start from the following choice of basis vectors:

a;(0, 0) = m b'(0, 0) = [1,0], 50
a,(0, 0) = m b*(0, 0) = [0, 1].
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Let us consider separately the two cases of (i) neglecting or (ii) including the time derivative terms during
the B'-refinements. If the time derivative terms are neglected, one finds with increasing number of B'-refine-
ments for the first (fast) basis vector, and corresponding amplitude, the results listed in Tables 3 and 4,
respectively.

The b' vector converges to the “fast” left eigenvector; ' (k, 0) decays to O(¢') when the fast time scale is
exhausted, and the manifold, defined by the equation f'(k, 0) = 0, is obtained with an O(¢!*!) accuracy as
shown in Fig. 2 [Left]. This clearly shows that neglecting the contribution of the nonlinearities, as repre-
sented by the time derivatives of the basis vectors, hinders the possibility of improving the decoupling be-
tween the fast and slow subspace, and, in turn, improving the accuracy of the manifold description, which is
always affected by an order O(¢'*") error, independent of the number of refinements.

If the time derivative terms are included, one finds with increasing number of B'-refinements for the first
(fast) basis vector, and corresponding amplitude, the results collected in Tables 5 and 6, respectively.

The b' vector converges to the fast CSP vector identified by Eq. (37), f!(k, 0) decays to O(¢X) when the
fast time scale is exhausted and the manifold is obtained with an O(¢"™!) accuracy as shown in Fig. 2
[Right].

It is also worth noticing that the O(¢) improvement in the accuracy of the amplitude of the first mode
provided by the CSP refinements when db/d¢ are included is obtained by a uniform improvement of the
accuracy of each coefficient in the expansion of the manifold in powers of z, as shown in Table 7.

This finding illustrates how the B'-refinements are able to generate, term by term, the asymptotic expres-
sion of the SIM. Such a result can also be obtained by the Fraser and Roussel method, at the expense of a
higher computational cost and a less stable numerical procedure [14].

The ability of CSP iterations to return the correct asymptotic expansion of the approximate slow man-
ifold was proven recently in [23] for a stiff system with reference to the Michaelis and Menten model char-
acterized by having an explicit small parameter and prescribed slow and fast variables.

Table 3
Case (i): time derivatives are not included and B'(0, 0) =7
(ks m) v A A A
(0, 0) [1,0] -1 -1 —F.le
(1,0 [1,—F] -1 -1 F.
(2,0 [1, —(1 +e)F] -1 -1 eF.
(OO,O) [17%] 7% -1 0
The table shows how the b vectors and the A matrix change with B'-refinements.
Table 4
Case (i): time derivatives are not included and B'(0,0) =1
Sk, m) 0o@") o(1) O(e) 0(:) 0(=)
11(0,0) Hy+15) —i

1 1 z (1+2) (z=1)z
f(1,0) € (7)’ + 1+;) +¢ T4z

1 1 z .27 2 (z=1)z
2.0 (i) Ty Ty
11(00,0) v+ +os +e +6 s

€ I+z (1+2) (1+2) (I+2)

e e +h) +e (12+Z;)—‘ +&? (12+Z;)—‘ +¢ (12+sz—‘ .

The table shows how the first mode amplitude /! changes with B'-refinements.
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Fig. 2. [Left] CSP vectors converge to eigenvectors with CSP refinements when db/d¢ are neglected; [Right] Manifold accuracy
increases with CSP refinements when db/d¢ are accounted for.

Table 5
Case (ii): time derivatives are included and B'(0, 0) =
,m
(k, m) b Al A2 A}
1 — Liz—efze
(0. 0) [L, 0] ! 1 e
1 - _1 _ I4z—etze
(1,0) -Gz +ens : ! =y
1 2 1—dz422 1 —le—dze+2*(14¢)
(2,0) (1= i + 2 15 ~3 -1 =
(cc, 0) - —1 -1 0

The table shows how the b' vector and the A matrix change with B'-refinements.

6. A 3-species kinetics problem

In this section, we introduce a model problem with the relevant features of a stiff chemical kinetics
mechanism; this model is characterized by having a non-constant, non-explicitly defined, small param-
eter and non-prescribed slow and fast variables. Moreover, the CSP vectors and their time rates of
change are sufficiently simple that they can still be evaluated algebraically, but complicated enough
so as to allow a non-trivial validation of the procedures for the CSP refinements illustrated in Sec-
tions 4 and 5.

To this aim, let us consider the following set of three symbolic reactions modelling the dynamics of 3
species X, Y and Z:

X =27,
X+Y=2, (81)
Y+Z=X.

Let also assume that the forward &’ and reverse k” reaction rate constants of these three reactions are de-
fined as
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Table 6
Case (ii): time derivatives are included and B'(0, 0) = 1
' (k, m) 0@ Oo(1) O(e) 0(&’) 0()
110,0) Her+15) —aF

4 tz (1+4z2) 2 1)z
fi(L 0) é(_y i) te Eié’ix 2 2(1-4z+2%)
f.0 (i) T T
f‘l(oc,O) e - ) y

z .z 2 z” val

Seige v+ Ty RRTw BT
The table shows how the first mode amplitude /! changes with B'-refinements.
Table 7
Coeflicients of the z” expansion of the manifolds for case (ii) (time derivatives included) and B'(0, 0) = 1
(k, m) z 7 7 z*
(0, 0) 1—e¢ —1+2 1 -3 —1+4e...
(1,0) 1-¢ —1 +4¢? 1 —9¢? —1+166...
(2,0) 1-¢ —1+8¢ 1-278 —1+64c. ..
(00, 0) 1 -1 1 -1
Exact 1 -1 1 —1
Eige 1 —1+2(2 + O(£%) 1 — 6(s% + O(%) — 1+ 12( + O(&Y)

Each CSP refinement captures one higher order term in the manifold expansion, while using the eigenvectors as basis vectors capture
correctly only the linear term.

S 51
kf:[k{aké7kj3']: |:8,8’1:|7 (82)
b b b b 51
K =k}, K5, k3] = ;75,1 , (83)
where ¢ is a small parameter. The set of ODEs describing the evolution of Eq. (81) is thus
dw
A 4
Pt £ (84)

where the vector of the unknown is defined as W = (X, ¥, Z)" and the right-hand side of (84) as
- _ W yz P2 _x

g= 102 _yz 102424 x|, (85)
T_yz-2+X

&

Solutions of Eq. (84) are obtained by numerical integration using the LSODE package [2]. The three eigen-
values of the Jacobian of g are computed and found real and negative. The time evolution of the three time
scales (reciprocals of the absolute of the eigenvalues) are shown in Fig. 3: the first two fastest time scales are
much faster than the third one.

As clearly shown in Fig. 4, in the phase space (X, Y, Z), any solution trajectory is attracted towards a 1-
D manifold (a line in a 3-D phase space), after having experienced a fast initial transient during which the
two (fast) mode amplitudes associated with the two fast time scales vanish (the time scales becoming
“exhausted”).
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Fig. 3. Time scales (reciprocals of the absolute of the eigenvalues of J) corresponding to the eigenvectors of J; ¢ = 0.01, X(0) = 0.5,
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Fig. 4. All solution trajectories in the phase space are attracted by a 1-D manifold; markers are drawn at constant time intervals;
£=0.01.

The problem at hand, being 3-dimensional, can be cast in CSP form as

dw
W:alfl +a2f3+a3f3a (86)
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where a;, a> and a3 are 3-dimensional column CSP vectors, and the /" are the corresponding mode ampli-
tudes. As the fastest time scale becomes exhausted, the amplitude /! becomes negligible, i.e. ' ~ 0 (M = 1).
Similarly, when the second fastest time scale becomes exhausted, both amplitudes /! and f? become negli-
gible, i.e. /' ~ 0 and 2 ~ 0 (M = 2). In order for the simplified problem to provide a pre-specified accuracy,
the first two modes are declared exhausted if the following conditions are met:

T2|a1fl| < 8rel|W| + Eabs

1 2 (87)
Glaf + arf?| < &re|W| + &aps,

where |v| denotes the absolute value of the elements of the vector v, 7, and 73 are the second and third time
scales, respectively, & is the relative error and &, is the absolute error. In the numerical results that will be
reported next, ¢ = le—03 and &, = le—10.

A leading order approximation of the 1-D manifold can be obtained algebraically by employing the left
eigenvectors of J as the vectors b’ and by setting the two fastest modal amplitudes f, £ equal to zero:

fl=b"-g=0, f=b-g=0 (88)
yielding
X 5(=X + 1) (1 +3X +4Y +677)
Y 2Y(X +2Y +2Y%)e ’
;X —X —3X? — 4XY — 5XY? + 3X7Y? + 4XY° + 6XY* (89)

Y Y(143X +4Y +6Y° + Ye+ XYe+4Ye + 21 %)

The solution of the set of two algebraic equations, Eq. (88), is the intersection of the two surfaces in the 3-D
phase plane as shown in Fig. 5. It is also apparent how the trajectory in Fig. 5 progressively relaxes at the
intersection of the two surfaces as soon as the two fastest modes, associated with the two fastest time scales,
become exhausted one after the other.

As with the Davis-Skodje problem, we will apply the CSP vector refinement procedure to this
3-species dynamical system. In this model problem, the CSP vectors can be found both algebraically
or numerically by adopting the algorithms presented in Sections 4 and 5. A number of different refine-
ment strategies can be envisaged, each diversified on the basis of (i) the choice of the initial basis vec-
tors, (ii) the number of initial refinements not including the basis vectors time derivatives, and (iii)
whether a final refinement including time derivatives is carried out. Table 8§ summarizes all the different
strategies considered here.

As for the Davis—Skodje problem, the effectiveness of CSP vector refinements will be gauged by inspec-
tion of the evolution of the ensuing CSP fast modal amplitudes along a given trajectory. We chose a tra-
jectory corresponding to initial condition Xy = Yy = Z, = 0.5 and ¢ = 0.01.

Method 1 involves using the eigenvectors of J as CSP vectors. Although not yielding the best choice of
vectors but just their leading order approximation, we adopted the results of this method (reported in Figs.
6 and 7) as a reference enabling us to compare all other methods described in Table 8.

First, we want to assess that the CSP refinements, when the contribution of the time derivatives of the
CSP vectors is not included, converge to the results of Method 1 (Phase (1) only, Section 4). To this aim,
Method 3 and 4 involve a number (1, 2, or 4) of CSP refinements wherein the contribution of the time deriv-
atives of the CSP vectors is not included, adopting as initial basis the identity matrix and a randomly cho-
sen matrix, respectively.

Fig. 6 shows that the amplitude of the first of the fast modes " initially exhibits a fast decrease under the
action of the two fast time scales until it reaches the asymptotic value f ! , estimated according to the
expression Eq. (A.30):
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Fig. 5. 1-D manifold defined as the intersection of the two surfaces defined by Eqgs. (88) or (89).

Table 8

List of refinement strategies (methods) and of the associated algorithmic options

Method Initial basis No. of refinements: % =0 No. of refinements: % #0
1 Eigenvectors 0 0

2 Eigenvectors 0 1 (M fixed)

3 Identity 1,2,4 0

4 Random 1,2, 4 0

flm=> TiAf, s=M+13.
P=TM

From this expression is apparent that f 7 _ can theoretically vanish providing a perfect decoupling of the fast
and slow subspace be obtainable via ideal basis vectors (e.g. A;J = 0). Otherwise f ’_ evolves according to
the (slow) time scales of the slow amplitudes f°. Indeed, that the latter circumstance is the one occurring
when the approximations of the ideal vectors as offered by the CSP refinements are adopted can be appre-
ciated by noting in Fig. 6, and also in Fig. 7, that the magnitude of /', past a large drop on a short time
period (fast time scale), stays leveled at a small value for a long time period (slow time scale) hindered in its
further reduction by the action of the residual coupling with the slow time scales, and only at large times it
eventually vanishes as the system reaches equilibrium. A qualitatively similar behavior is observed for the
amplitude of the second of the fast modes /2, although no data have been demonstrated here. The ampli-
tude of the third (slow) mode f* evolves at all times with the slowest time scale.

It is clear from Fig. 6 that the evolution of the fast amplitude /' as obtained by Method 3 and 4 converge
to that obtained by Method 1. This result may be thought of as the numerical counterpart of the analytic
results obtained for the Davis—Skodje problem and displayed in Table 4.
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7. Conclusions

Given that (i) it has been proved [23] that the CSP method can provide high-order approximations of the
slow invariant manifolds (SIM) characterizing the dynamics of stiff system of ODEs, and (ii) the CSP refine-
ments provide high-order accuracy for a nonlinear problem only when the time rates of change of the CSP
vectors are properly accounted for [18-20], and finally (iii) thus far, no specific analysis was available in the
literature on how to evaluate the time rates of change of the CSP vectors, the aim of this paper has been to
derive the formulae needed to evaluate the time rates of change of the CSP vectors whenever these terms
cannot be computed algebraically.

With reference to two simple model problems, we showed that, by adopting these formulae, the iterative
procedures of CSP refinements, illustrated in Sections 3 and 4, yield the asymptotic expansion of the SIM in
powers of the spectral gap, the small parameter in the singular perturbation analysis of these fast/slow systems.

We also showed that Phase (2) of the B'-refinement requires the availability of the time rate of change of
the Jacobian matrix dJ/d¢ of the RHS of the set of ODEs describing the system dynamics, while the
A,-refinement requires the availability of both dJ/dr and d?J/ds>. We have also shown that dJ/ds and
d?J/ds* depend on the state of the system only, and that they are local measures of the geometrical char-
acteristics of the manifold (such as local curvature and higher order terms), since they involve the terms
0J/19y" and 9%J/0y'd)’. As a consequence, the time rates of change of the CSP vectors also depend exclusively
on the local state variables. Hence, tabulation methods, such as PRISM [32] or ISAT [33], can be used to
generate look-up tables for SIMs of high-order accuracy found by means of the CSP refinement procedure.

We presented both analytical and numerical evidence of the CSP performance. Regarding the numerics,
we showed that, in practice, only one or (rarely) two CSP refinements can be performed, if the time rates of
change of the CSP vectors are taken into account. Here, the limitations, solely related to issues of compu-
tational efficiency and not of theoretical nature, are set by the need to have available high-order time deriv-
atives of the Jacobian.
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Appendix A
A.l1. The B'-refinement

The evolution of the mode amplitudes f* is governed by the equations:

(ZC:ZAjff, i=1,N. (A1)

j=IN

Given a set of basis vectors at the (k, m)-th refinement level and Eq. (A.1), one can recast the evolution of
the fast amplitudes as
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S em)f o) + A5 m)f ), (A2
where

Al (k,m) :<%]?M+B’(k,m)J>A,.(k,m), (A.3)

Al (k,m) = <w + B'(k, m)J) A(k,m), (A4)
and 7" (k,m) is the inverse of A (k,m). Recasting Eq. (A.2) as

YD m) )+ T m) AL ), (A3)
it is seen that the asymptotic limit for f(k, m) is

S (ks m) = =T (k, m) A (k, m)f* (k, m). (A.6)

Wishing to make the amplitudes in £ as small as possible in the period where the fast time scales are ex-
hausted, Eq. (A.5) suggests that a new set of fast amplitudes be defined as

[ k+1,m)=f(k,m)+ T.(k,m)AL(k, m)f* (k,m). (A7)
This is equivalent of defining a new set of basis vectors as

B0+ 1) = k) (B ). (A

Ak + 1,m) = A, (k,m), (A.9)

B'(k+ 1,m) = B'(k, ) (A.10)

Ak +1,m) = [IL — A,(k + 1,m)B"(k + 1,m)] 4,(k, m), (A.11)

where the last relation is required to restore the orthogonality between A (k + 1, m) and the new, rotated
B'(k + 1, m) basis vector.

A.2. The A,-refinement

According to Eq. (A.1), at the (k, m) refinement level the evolution of the slow amplitudes is governed by
the equations:

W A (ks m)f () + A° ()£ (), (A.12)
where

A (e, m) = (ng;’”’) LBk, m)J>A,(k, m), (A.13)

Al (k,m) = (W + B(k, m)J)AS(k, m). (A.14)

Wishing to limit the influence of the fast time scales to the evolution of the slow amplitudes, Eq. (A.12) is
recast as

d[f*(k,m) — A(k,m)T,(k,m)f" (k,m)]
dr
dAS(k,m) T (k,m)

= =g S ey m) + [AS(k,m) — ALk, m) Tk, m) ALk, m)Lf° (k. m) (A.15)




M. Valorani et al. | Journal of Computational Physics 209 (2005) 754-786 781

suggesting that a new set of slow amplitudes be defined as

[lkm+1) =f(k,m) — Ak, m)T.(k,m)f" (k,m). (A.16)
This is equivalent of defining a new set of basis vectors as

Alem1) = |- g‘ M) 14, (ke m) | 7k, m), (A.17)

B'(k,m+1) = B'(k,m), (A.18)

B(k,m+ 1) = B'(k, m)[ A (k,m+ 1)B"(k,m + 1)], (A.19)

A (kym+ 1) = Ay (k,m). (A.20)

A.3. Action of the refinements

The action of the B- and A,-refinements, Eqs. (11)-(14) or (A.4)-(A.7) and (16)—(19) or (A.11)-
(A.14), respectively, are clearly manifested if the magnitude of the matrices AL (k,m), Al (k,m),
A (k,m) and A}(k,m) is examined, for increasing values of the refinement levels “A” and/or “m”. As
was shown previously, at the (k, m)-th refinement level the fast and slow amplitudes are governed by
the equations:

il (d"; ™) _ Ak, m)f" ke, m) + A (k,m)f* (k,m), (A21)

W — A (e, m)f (K m) + A (k)£ (). (A22)
At this point it is assumed that

177 (k,m)|| = O(tu), |43k, m)|| = O(1/tar11), (A.23)

where 7; is the i-th time scale in the problem.
A single B'-refinement yields

ALk +1,m) = A (k,m) + T"(k,m)AL(k, m) A (k, m), (A.24)
At 1,m) = T mgt/lr(k ) () A e ) A 1, m), (A.25)
Ak + 1,m) = A3k, m), (A.26)
Ak + 1,m) = A3k, m) = A3(k,m)T7 (e, m) A, (k, m). (A27)

According to the estimates (A.23) and the fact that the fastest non-exhausted time scale is 737+, Eq. (A.25)
suggests that

cur TM+1

1Ak 4+ 1,m)| z0<

DAk, m)) + o( A (k, m)> (A.28)

where the two terms on the RHS correspond to the two terms in the RHS of Eq. (A.25) and 7., is the cur-
rently dominant time scale. Since the M fastest time scales are exhausted, it follows that 7., = 774+1 S0 that
Eq. (30a) simplifies to

145k + 1,m)|| ~ O(eA(k, m)), (A.29)

where ¢ = 7,,/7)/+) 1S @ measure of the fast/slow time scale separation. Eq. (A.29) indicates that the coupling
of the fast amplitudes to the slow ones in Eq. (A.21) decreases by an order of ¢ each time a B'-refinement is
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performed. In contrast, the coupling of the slow amplitudes to the fast ones in Eq. (A.22) stays unaffected.
Since, as Eq. (A.21) shows, the asymptotic value of f'(k, m) is

[ (kym) =~ =T (k,m)AL(k, m)f* (k,m), (A.30)

the additional B'-refinement allows the fast amplitudes to decrease to a lower value. In view of the
simplified problem (10), such a refinement allows the computation of a more accurate solution.
Similarly, one A,-refinement yields

Ar(kym + 1) = A (k,m) + A (k, m) A2 (k, m) T" (k, m), (A31)
A;(k’m + 1) = A:(k>m)’ (A.32)
Ak,m+1) =— A4k, ”;)tT:(k’ m) + A (k,m + 1) [ Ak, m)T.(k, m)], (A.33)
A(k,m + 1) = A(k,m) — A (k,m)T".(k, m) AL (k, m). (A.34)

These relations suggest that
|43 (kom 4 D] ~ O (s (k, m)), (A.35)

i.e. the coupling of the slow amplitudes to the fast ones in Eq. (A.22) decreases by an order of ¢ each time an
A,-refinement is performed, making the simplified problem (10) less stiff. However, since the coupling of the
fast amplitudes to the slow ones in Eq. (A.21) is not affected, the accuracy of the simplified problem is not
improved.

Appendix B. CSP vector time derivative derivation

The CSP vector time derivatives are obtained by means of chain rule differentiation of the relations illus-
trated in Section 4. In the following we summarize the main results.

Given that
d2’(0,0) _d dB’(0,0) . _d o dJ
P T KT + B(0,0)J )4,(0,0)| = E[B (0,0)J4,(0,0)] = B (O,O)EAr(O,O)7 (B.1)
drr((j(;,O) = —rf(O,O)%(;’O)rf(O,O) = —rZ(O,O)B’(O,0)%Ar(0,0)rf(0,0)7 (B.2)

then the time derivative of B'(1, 0) and B'(1, 1) can be evaluated as

dB’(1,1) dB'(1,0)

dr dt
_dn g; 0 pr0,01 + ¢ (0,0)B’(0,0)%
—7(0,0)B'(0, O)Cz +(0,0)7/(0,0)B7(0,0).J + 7.(0, 0)B"(0, O)ilﬂ
—77(0,0)B'(0, );ﬂ +(0,0)B"(1,0) + .(0,0)B(0, O)i]
/(0,0)B'(0, 0)‘:1;][ — 4,(0,0)B"(1,0)]. (B.3)
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Moreover, given that
dz(1,0) d dB’(1,0)

= 1B (1,0)4,(0,0)) = =2 4(0,0) +B’(1,0)%A,.(0,0),
L0 1,001,
210 14 0,0)21,0) - (1,051, S 4,0.0)(1.0
_r(1,0) %8 éi’O)A,(l, 1) - r;'(l,())B’(l,O)%A,(0,0)rj(l,O), (B.4)

then the time derivative of 4,(1, 1) and 4,(2, 1) can be evaluated as

d4.(1,1) da.21)

e dt
. d . A . d4,(0,0) , de(1,0)
_&[JA,(0,0)rr(l,O)] —th,(0,0)rr(l,0)+J 5; 7(1,0) + J4,(0,0) 5
_ %A,(0,0)ri(l,O) 40,0y (1,042 él’O)A,.(l, 1

— JA,(0,0)7"(1,0)B7(1,0) %A,(O, 0)7’(1,0)

= V10,0500 - 4,00 LD (100 4 0,080.0Y 4,0.010,0),
= [ - 4,1, l)B’(l,O)]%A,(0,0)r;(l,O) — A1, 1)dBV$’O)Ar(1, 1. (B.5)
It follows that the time derivative of B'(2, 1) can be evaluated as
dBrc(i’ J =% [T:(L 1) <dBr$’0) +B"(1,0)J>}
:dfiélt’ D dBrg’O) +7(1, 1)d23;$’0) +dT'r‘$’ 1)/3'(1 1)J +7(1, 1)dBr$’O)J
+7(1, 1)B"(1,0)%
:dffélt’ D {dBrc(ii’O) +B(, I)J] L, 1)—‘123;521’0) + (1, 1)%]
“(1,1)B(1, 1)?
:“ﬁ”“<> D+ ) B g ) L0,

B(2,
v(1,1)B(1, 1)?



M. Valorani et al. | Journal of Computational Physics 209 (2005) 754-786

784
where
dﬁft RIS iRY
—7(1, l)jtKdBrc(ii’O)+B’(1,0)J>A,(1,1)}:;(1,1)
—7(1, 1){“123;1(121’0)&(1, 1) +dBr$’0) dA"((ii’ D +B’(1,0)%A,(l, 1)

+B"(l,0)JdAr(1’ D +dB (1’0)JA,(1, )| (1,1). (B.7)
dr dr
Replacing Eq. (B.6) in Eq. (B.7) yields
dB'(2,1) d*B'(1, 0, . . dB’(1,0) d4,(1,1) .
FPa 7(1,1) an A4,(1,1)B"(2,1) — (1, 1) P 0 B'(2,1)
—7(1,1)B"(1,0) %Ar(l, B (2,1) — (1, l)B"(l,O)JdAr((li’ 1)B’(Z, 1) —1(1,1)
dB'(1,0) ; . d*B'(1,0) dB’(1,0)
X dr JA,(I,I)B (271)+TF(I,I)T+T)(1,1>TJ
dJs
i 4 — B.8
+ DB LD (B.5)
After regrouping, one obtains
dB(2,1) dB’(1,0) § dJ dzB”(l 0) i
— = (1, 1)[—J+B (1,0)— o T [l —4,(1,1)B"(2,1)]
r dBr(170) ’ dAV(lil) r
— (1, 1)[ & +B (l,O)J] 4 B'(2,1). (B.9)
From
da 2’0) +B'(1,0)0J = 2(1,1)B"(2,1), (B.10)
one obtains
dB'(2,1) _ dB’(1,0) ! dJ dzB’(l 0) i
& (1, 1)[ & J+B(1,0)— i T [ —4,(1,1)B"(2,1)]
—B’(2,1)dA"$’ 1)B’(2, 1). (B.11)
The second order time derivative of B'(1, 0) can be obtained as
d*B'(1,0) d } dJ §
S = 4 [r00r 0.0 G 0 - 4008 00)]
_ dr7(0,0) dJ } d*7  d7(0,0) , dJ :
=3 B"(0,0)— d 77(0,0)B7(0, O)W_ " B'(0,0)— i A4,(0,0)B"(1,0)
2 (1.0
& 4(0,0)B°(1,0) — ©(0,0)8'(0, 0)‘31‘] 10,0098 ((h’ ) (B.12)

7(0,08(0,0) =
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After regrouping, one obtains

d*B’(1,0)  [d7(0,0) . s § d’J . . ,
dt2 - dt B (OaO)E+Tr(O7O>B (0’0) dt2 [[—A,(0,0)B (1’0)] - T;‘<070)B (050)
4 dB(1,0)

Additional formulae for terms not appearing in the refinement procedure but required for diagnostic pur-
poses, e.g. in the evaluation of the off-diagonal blocks A, and A7 are reported in the following:

d4,(1,0)  da(1,1) d , - dB(1,0)
00 D~ € 10— 4,0.08(1,0)4,0,0)) = 40,0 40,0,
aB(L1) dBR1) d, )
ds - dr _E[B (170)([_Ar(171)B (171))]
=SB 0.00 -~ 4.0,1)81,0)]
— _B'(0,0) {dA"((ii’l)B"(l,()) A1, 1)% ,
21 d , d )
4 a[u —A4,(2,1)B"(2,1))4,(1,1)] —&[(1 —A4,(1,1)B"(2,1))4,(1,0)]
__ wlﬂz, 1)+ A(1, 1)%]/13(1,0) =41, DB, 1))%.
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